Appendix: Mathematical Framework for DAA Detection Timing Analysis

A.1 Introduction

This appendix presents a mathematical framework for analyzing detection delay distributions in
Detect and Avoid (DAA) systems, focusing on key parameters that affect system performance and
risk assessment. The framework provides a foundation for the probabilistic and statistical analysis
methodology described in Section 2.2.

A.2 System Model
A.2.1 Detection Time Components

The total detection time random variable 74, is composed of several components, aligned with the
ASTM DAA Timing Standard [1] described in Section 2.2.3:

Taet = Tscan + Tretay + Tritter + Tpub (1
where:
* Tscan: Random variable for sensor scanning time
* Trelay: Random variable for communication relay time

* Ttiier: Random variable for noise filtering time

* T,u»: Random variable for data publication time

A.2.2 Nominal Time Components

Let 7, denote the nominal (expected) value of time component 7,. The RTCA DO-365B stan-

dard [2] specifies the following nominal delay values:

A.3 Separation Distance Model [3]
A.3.1 Trajectory Analysis

For N aircraft over time interval [0, 7|, we define:



Category | Component Nominal Value 7,, (ms)
ADS-B 2500
Scan ATAR 500
GBSS 100
Active Surveillance 1000
Tracker 1000
Relay Alerting 1000
Guidance 1000
Filter C2 Link 1000
GBSS Forwarding 1000
Publish Display 500

Table 1: RTCA DO-365B Nominal Delay Components

* D;;(t): Random variable for separation distance between aircraft ¢ and j at time ¢
* dnin: NMAC threshold distance (constant)

* dna: Maximum detection distance (constant)

The set of threshold crossing times 7;; is:

7% = {t € [07T] : DZ](t) € {dmzrm dmam}} - {tgjl), ce ,tiyw)}

A.3.2 Measurement Distribution
Let At be the fixed detection algorithm duration. For trajectory segment k:

Djj = {Di;(t) : t € [ty 15"}

The set of distances at sampling instant / is:
My ={DEUAL) - k€ {1,...,ny},(5,7) € {1,...,N}?}

vy

The expected distance at sampling instant ¢ is:
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A.4 Detection Probability Model
A.4.1 Success Probability Sequence
Let E be the random vector of environmental conditions. The probability of successful detection
is:
p(d|E) = P(detection|E) (6)

The sequence of detection probabilities is:

pe = p(pe| E) (7

A.4.2 Detection Time Distribution

Let A be the random variable for the number of steps until detection. Then:

a—1

P(A=a)=p, ] [(1-p0) (8)

(=1

For the final time step a4, = [T/ At]:
P(A = amaz) = (1 —pe) )
The random detection delay is 7z, = AAL.

A.5 Environmental Factors Model

The detection time 7, is influenced by various environmental and system factors, as summarized
in Table 2, which presents key factors such as field of view, aircraft speed, and environmental

conditions along with their effects on detection performance.

A.5.1 Basic Probability Model

Key random variables:

* Taer: Detection time



Factor Description Effect on De- | Rationale
tection Time
Field of View | The horizontal | Decreases Wider coverage
(FoV) and vertical angles | with wider | enables faster
through which the | FoV. detection.
system can detect
objects.
Aircraft Speed | The speed of the un- | Decreases Faster objects
V) cooperative aircraft | with faster | enter  detection
(UAS). speed. range sooner.
Encounter An- | The relative angle | Decreases Shallow  angles
gles (0) between the UAS | with shallower | provide longer

and the uncoopera-
tive aircraft during
detection.

angles.

exposure time.

False Positive
Rate (F'PR)

The number of
incorrect detections
produced by the
system.

Increases with
higher false
positive rates.

System overload
slows processing.

Sensor Update
Rate

The rate at which
the sensor updates
its data.

Increases with
slower update
rates.

Slower updates
delay detection.

Environmental | Weather conditions, | Increases in | Poor visibility

Conditions (£) | visibility, smoke, | poor  condi- | reduces effective-
lighting. tions. ness.

Distance and | The distance be- | Increases with | Detection  diffi-

Altitude (D, | tween the DAA | distance culty scales with

A) system and the un- distance.
cooperative aircraft.

Aircraft Size | The size of the in- | Decreases Larger objects are

(S) truding aircraft. with larger | easier to detect.

aircraft size
Clutter (C) Presence of back- | Increases with | More clutter

ground objects.

more clutter

causes processing
delays.

Other Factors
F)

External factors like
sensor noise, hard-
ware limitations.

Varies

Depends on spe-
cific factors.

Table 2: Environmental and System Factors Affecting Detection Time




* D: Planar Distance to intruder
o A: Altitude difference

* V: Visibility conditions

* C: Clutter

e £: Other environmental factors

The conditional probability of detection:

P(Da Aa C: Va 5|7:iet) : ]P)(%et)

]PJ € D? 7 C? ) (‘: - 10
(% t‘ A V ) ]P)(D7 A7C7 V, g) ( )
A.5.2 Independence Assumptions
Assuming independence:
P(D|Taet) - P(A|Taet) - P(C|Taet) - POV|Taet) - P(E] Taet) - P(Taer)
P(T4et| D, A,C,V,E) = 11
(T ) B(D) B(A)- B(C) -B(V) - B(E) v
A.6 Probability Function Models
A.6.1 System Detection Rate
The baseline detection probability:
Doase = P(detection) = 0.994 (example DAA system specification) (12)

A.6.2 General Logistic Function Model

For a parameter # with nominal value 6,,,,, and scaling factor sy, we define a general logistic

function:

1
Jo(0, Onom, s6) = — e (13)

1 + 689. Onom

The derivative of this function with respect to the scaling factor sy is:

0—bnom

6f9(9) 97107717 89) _ (9 - enom) ) 656' Onom (14)
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A.6.3 Distance-Based Detection

Using the general logistic function from Equation 13, the probability of detection given distance

futd) = Z 217

where:
* d,om 18 the nominal detection range

* 54 1s a distance scaling factor

A.6.4 Altitude Factor

For altitude difference h with maximum value A,

P(A|7;let)
h = —
h) = =57
A.6.5 Visibility Factor
A simplified linear visibility model:
f?}(v) = v

A.6.6 Clutter Factor

The clutter factor decreases with increasing clutter c:
fele)=1—c¢

A.6.7 Combined Detection Probability Model

The overall detection probability combining all factors:

p(d,0) = Drase - fald) - H fo.(6:)

= f@(d7 dnom7 5d>

= fo(h, hinaz/2,10)
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where 6 represents the vector of all parameters and fy, represents the factor function for parameter

0;.



A.7 Risk Assessment
The collision risk [4] over time period [t1, to] is:

R([t1,t2]) = max P(collision at time t) (20)

te(t1,ta]

The probability of collision at time ¢:

tepa

P(collision at time t) = 1 — T (T)dT (21)
0

where f7. . is the probability density function of the avoidance time random variable 7,4

void

A.8 Sensitivity Analysis Framework
A.8.1 Parameter Sensitivity Model

To understand how different parameters affect the detection delay distribution, we define a sensitiv-
ity analysis framework. For a parameter 6 that can take values from ©, we examine the relationship

between parameter variations and system performance metrics.

A.8.2 Detection Probability Function

Using the combined detection probability model defined in Equation 19, we analyze how variations

in individual parameters affect the overall detection performance.

For specific parameter analysis, we substitute the appropriate factor functions defined in Sec-
tion A.6:

For distance analysis: use f;(d) from Equation 15

For altitude analysis: use fj,(h) from Equation 16

For visibility analysis: use f,(v) from Equation 17

For clutter analysis: use f.(c) from Equation 18

A.8.3 Sensitivity Metrics

For each parameter value § € O, we compute:



Taet(0): Mean detection time

o7 (0): Standard deviation of detection time

Pyt (0): Overall detection rate

dget(0): Average detection distance

* Pyyac(6): NMAC rate

A.8.4 Sensitivity Coefficients

The normalized sensitivity coefficient for metric M with respect to parameter 6 is:

Oy OM
Sl = — —Jo= 22
© = o lo=6, (22)
where 6 is the baseline parameter value and M is the baseline metric value.
A.8.5 Discrete Approximation
For discrete parameter values, we approximate the sensitivity coefficient:
Oy MOy + AO) — M(0y — AB

S]V[%—O' (0+ ) (0 ) (23)

My 2A6

A.8.6 Monte Carlo Simulation Procedure

To implement the sensitivity analysis, we use a Monte Carlo approach:



Algorithm 1 Sensitivity Analysis Procedure
1: for each parameter 6 € O do
2:  for each value 6; in the parameter range do

3: Configure system with = 6;
4: for n = 1t0 Nypjgis do
5: Generate encounter scenario
6: Simulate detection process
7: Record detection outcome and time
8: end for
9: Compute performance metrics M (6;)
10:  end for
11:  Calculate sensitivity coefficients S5’
12: end for
A.8.7 3D Visualization

To visualize the detection probability as a function of multiple parameters, we define a 3D surface:
P(z,y,z) ={(d, h,v,p) : p=p(d, h,v)} (24)

where d is distance, h is altitude difference, v is visibility, and p is the resulting detection
probability computed using Equation 19.

A.9 Conclusion

This framework provides a mathematical basis for analyzing detection delay distributions in DAA
systems, incorporating both system parameters and environmental variables. The model can be
used for risk assessment and system performance evaluation, as demonstrated in the simulation

results presented in Sections 2.2.10 and 2.2.11.
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